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COMPLEX NUMBERS

Introduction

x2 + 1 = 0 is a quadratic equation, whose discriminant is < 0, so it has no real roots. Further x> = -1 or

X =+ /-1 where, V-1 and -+/-1 are not real numbers. Such numbers, which are not real, are called
imaginary numbers. In other words, a number whose square is negative is known as an imaginary. number

e.g. /-1, J-2, etc.

Symbol i
We denote +/—1 by the Greek letter i, called iota. Thus V-9 = 3i, V-5 =i+/5 etc.

Powers of i
i°=1,i2=-1,¥=-iandi*= 1. If nis a positive integer such that n > 4 on.dividing n by 4, let m be the
quotient and r be the remainder. Then n =4m +r, wherer =0, 1, 2, 3 therefore,

in = j@m*n) = jdm jr=(i4)m i’ = i (because i* = 1) = 42 = g j4ns =

Negative integral powers of i

3
|*1=1=|_=|3=_|’ i*zzlziz_']
i 2 -1
i . 1
|*3=_=_=|’ i4=__— =_=1
i34 it 1
Forn>4,i"= — = 1 , Where r is the remainder when n is divided by 4.

n r

i
Result: i + i+ i3 +i* = 0, also i" + i" +iP +i%= 0, if m, n, p, g are consecutive integers.

Note

(i) For any two real numbers a“and bivaxvb=yab is true only when at least one of a and b is non-
negative.

(i) If a and b are positive real numbers, then v—a x+/—-b = —Jab

Complex Number

The number ofthe form a + ib, where a and b are real numbers and i = /-1, is known as complex number.
We denote a complex number by z = a + ib, where a is called real part and b is called imaginary part of z,
and we write : Re (z) =aand Im(z) = b

Set of .complex numbers (C)={z:z=a+ib, wherea, b € R}.

For example : (4 + 7i), (-2 +i+/3), (¥3—i/7), (2 + 0i) are complex numbers.

Every real number is a complex number. If ueR, we can write, u = u + 0i. Therefore u is a complex number
with a real part u and imaginary part is 0. Therefore real numbers are subset of complex numbers.

Purely real and Purely imaginary complex numbers

A complex number z is purely real if Im (z) = 0 and is purely imaginary if Re(z) = 0
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Complex numbers as ordered pairs
Corresponding to each complex number z = (x + i y), there is associated a unique ordered pair (x, y) of real
numbers. So, we may denote a complex number (x +iy) by (X, y)
e.g.2+3i=(2,3)andi= (0, 1) etc.
Thus C={(x,y):x,y € R}

Equality of two Complex Numbers

Two complex numbers are equal only when their real and imaginary parts are separately equal.
Thusa+ib=c+idea=candb=d

Theorem 1 : A real number can never be equal to an imaginary number.
Proof. Leta,be Randleta=bi,whereb=0
Now,a=bioa’=-b’=a?+b’=0<a=0andb=0
This contradicts the hypothesis, b # 0

Hence, a=b i.
Theorem?2: a+ib=0<a=0andb=0.
Proof. atib=0oa=-ibea?=-bl=a?2+b?=0&a=0&b=0.

Theorem 3: Complex numbers does not hold the property of order.i.e., a1 + ib1, < or > az + ibz is meaningless.

Proof. Let us compare i and O.
Ifi =0, then i? = 02 or -1 = 0, which is false
Ifi >0, then i?>i.0 or —1 > 0, which is false
Ifi <0, theni?>i.0 or —1 > 0, which'is false
Hence, we can not compare any:two complex numbers.
Also we can say i is neither positive nor negative .

Addition of Complex Numbers
Let z1 = a1 + ibs and z; = az + ib, be'two complex numbers. Then their sum z4 + z; is defined as the complex
number (a1 + az) + i(b1 + by).
Re (z1 + z2) = Re(z1) + Re (z2)
Im (z1 + z2) = Imi(z1) + Im (22)

Properties of Addition on C

Result 1 : If z17z,€C,thenz; + z, eC (Closure property)
Result 2 : If z1,z2 €C,thenzy + zo =z, + z4 (Commutative law)
Result 3 : Ifz1, z2, z3€C, then (z1+ z2) + z3 = z1+ (22 + Z3) (Associative law).
Result 4 : Existence of additive identity of zeC :

For each z € C there exists 0 +i0 € C, suchthatz+ 0 + 0i =
Result 5 : Existence of additive inverse of zeC :

For each zeC there exists -z € C suchthatz+ (-z)=(-z)+z=0
Result 6 : Cancellation law for addition in C : If z4, z, zs € C, then

Z1+z3=20+z3=>z1=2and z1+ 2= 21+ 23 = 2, = 73 .

Subtraction of Complex Numbers
Let zy = a1 + ibs and z; = a2 + ib2 be two complex numbers. Then z1 — z; = z1 + (-22)
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(a1 + iby) + (~az — iby)
(a1 —az) +i(b1 — b2)

Multiplication of Complex Numbers
Let z1 = a1 +iby, zo = a2 + ibo, then
z1z22 = (a1 + iby)(az2 + ib2)
= (3182 - b1b2) + (a1b2 + a2b1)
i.e., z1z2 =[Re(z1) Re(zz2) — Im(z1) Im(z2)] + i [Re(z1) Im(z2) + Re(zz2) Im(z4)]

Properties of Multiplication on C

Result 1 : If z1,z2e C, then z1.2z,e C (Closure property)
Result 2 : If 1, z2 € C, then z1z5 = z5z4 (Commutative law)
Result 3 : If z1, z2, z3€C, then z1(z2 .z3) = (21.22) Z3 (Associative law)
Result 4 : Existence of multiplicative identity in C :

If z € C, then 1eC is multiplicative identity because z. 1=1.z=z.
Result 5 : Existence of multiplicative inverse in C.

If zeC, z# 0 then 1/z or "' is multiplicative inverse because z.1/z =1/z. z = 1.
Result 6 : Distributive law :
If z1, o, z3€C, then z1.(z2+ 2z3) =21 2o+ 2123
Multiplicative Inverse (Reciprocal) of a Complex Number

If z = 0 is any complex number, then its multiplicative inverse is denoted by 1 orz™.
z

1.1 _ 1 _a-ib_-a-ib
z a+ib a+ib a-ib g2 ,p2

= z1= 2 +i( -b j
a? +b? a2/ +p?

Division of Complex Numbers
The division of a complex number z4 by a non zero complex number z; is defined as the multiplication of z4 by

If z=a +ib, then

the multiplicative inverse of z, and is denoted by 21
22

If z1 = a1 b1, 22 = a2+ by,

21 L By | (a: + ib1) [;J = (ar + iby) 232 ~+ I(2—b2)2
Z, as +iby ap +iby as +b2 a, +b2

_ aqas +b1b2 i a2b1—a1b2
a% +b§ ag +b§

Conjugate of Complex Number
a + bi and a — bi (a, b are real numbers) are said to be the complex conjugate of each other.
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(Here the complex conjugate is obtained by just changing the sign of i). B
If a + bi is denoted by z, then the complex conjugate of z is denoted by z and is given by z =a - bi.

Properties of Conjugate
If z, z1, zo are complex numbers, then

(i) (z) =z

(i) z+z=2Re(z)

(i) z-2z=2iIm(2)

(iv) z=2z < zispurely real

(v) z+ z =0 = zis purely imaginary.

(vi)  zz = [Re(@)]? + [Im(2)]2
(vii) zq1+zp = z_1+z_2

(viii) z1-2z, = 2429

(iX)  z1zp =2z1+22

(x) (Z—1J:Z=1,22¢0

Zo Zo
Modulus of A Complex Number vl
Modulus of a complex number z = a + ib, denoted by | z | is defined as 2 = (a+ib) =(a.b)
21 = (a2 +b?) ie, | 2] = (Re(2)? +(Im(2))? et
Clearly, |z/>0V Z € C. i t|>
. - 1= (52 .02\ = & - 0 : >
Example: [5]|=]5+0i|=4/(5°+0°) =5; 5 a >X

|2+3i|= J4+9)=113

Properties of Modulus
For all complex numbers z, z,, z;, we have

(1) |z|=0<2z=0ie. Re(z)=In(z)=0 (2) lz| >0
@) lzl=lz=]-z|=I-2l @4) zz=|zP
(5) -lz|=Re(z)=|z] 6) -lzlsm(@z)<]|z|
U ® =12l

za| lz2|
(9)  z42z2 +z1zp=2Re(z4.22)= 2Re(Z12,)
(10) |22 =|z|? 11)  |z1.z2eeeeenen. zo| = |z4| |z2).......... |zn|
(12) |z1+2z2)<|z1|+]|z2]| (Triangle Inequality)
(13) Alzi=z2|2||z1| - |22 ||
(14) AN z1+zo+ ..., +zo|<|zi|+|z2]| + .o | zn |.
(15) llzal = |z2ll < |21 + z2| < |z4] + |22] ~
(16) |z1+ zo)? = |za>+ | 222 + 2 Re(z1.22) ; |z1 — z2> = |z1]? + | 222 — 2Re(z1. Z2)
(17)  |z1+ 2o + |21 = 2o = 2(|z4? + |22])
(18) |azi— bzy? +|bzi+az)?=(a + b?) (|z1|* + |z2|?), where a, b eR.
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Prove that :

(i) i653 = j (ii) [i47 +1_;5J - 9 (iii) j104 4 j109 4 {1144 {119 =
|

Clearly , i" = 1 when n is a multiple of 4.
(i) i(653) - i(4>< 163+1) = i(4x 163) x i(1) =i

S TP T (Y S N N A T Bl PR
125 4x31H1 i a

(III) i104+ i109+ i114+ i119: i104><(1 +i5+i10+i15)
= i104>< (1 + i4+1 + i4x2+2+i4x3+3): i104><(1 +i+i2+i3):i104>< (1 +i-1 —i)=0.

If n is a positive integer, prove that :

141 4n+1
O (i) (aj i

i) (=S =y = iy (P = R =

4n+1 4n+1
i} 10" i 1™ (1402 (1412 1 2i et
(ii) P =l =X = = ———- =jpnri=pn =,
1—i 1—i 1+i 2 2

lHlustration 3

For what values of x and y are the complex numbers z, = x2 — 7x + 9yi and z, = y?i + 20 i — 12 equal?
Since z1 = 2,

= x2 — 7x + 9yi = y?i + 20i — 12

= x2—7x=-12and 9y =y? + 20

= x2-7x+12=0andy?-9y+20=0
= (x-3)(x-4)=0and (y-4)(y-5)=0
= x=3,x=4andy=4,y=5

Hence solution set for x and y is given by:

S ={(3/4), (3,5), (4, 4), (4, 5)}

lllustration 4

For any z1, z; € C, prove that |z1 . z;| = | z4] |z

|z1 . 22)? = (z1.22) (24.22)
=(21.22) (2122 ) =(21.21)(22.22)= |21]* | z2f?
= (|z4]|z2])>and 0 < | z1 . zz] and 0 < | z4| | Z4
|21 22| = |z1 || z2]
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For any z € C, show that |z?| = |z|? and |z|? % 22

Let z=x+iy, then z? = (x +iy)? = x? — y? + 2ixy

' 122 = (< - y?) + i(2xy)|
= Y02 -y2)2 axPy? = (P +y?)? =R+ yP= 2P
z22 = (x +iy)? = x2 — y2 + 2xyi

|z)? = 22

Note : | z |? is real and z? is complex.

lllustration 6

For any z1, z; € C show that [z, + z;|? + |21 — 22? = 2|z4)? + 2|23~
|21+ Zo|?* + |21 — Z2* = (21 + 22). (21 +22) + (21~ 22). (21 -22)

(21 + 22).(21+22) +(z1 — 22).(z1 222)

2121 + Z4 22 +22£1 +22£2+ 2121 —2122 —Z9 214—2222

= 221.21 + 275 22 = 2|Z1|2 + 2|Zz|2.

lHlustration 7

2-i 1+i

Compute : -+ -
3+2i 4-i

2-i i A2-1) (3-2)  (1+]) (4+])
3+2i 4=i (3+2i) (3-2i) (4-i) (4+i)
6+21° 71 5i+4+i%_4-7i 3+5i

The given expression is

= + + , (. i2=-1)
13 17 13 17
_ 68 —119i + 39+ 65i _ 107_54i
13x17 221 221

lHlustration 8

Compute: (1-i)"

We have, (1 — i) 1= —— -1 Jd*i_d+i (1.1,
a—h A=) 1+ 2 272
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(x+iy)®=a+ib,x,y,a,beR.  Show that §+%:4(a2 _b?)

We have (x +iy)"® = a + ib.
Cubing both sides, we get
x + iy = a® + 3a?%ib + 3ai’b? + i*b® = (a3 — 3ab?) + i(3a’b — bd).
Equating the real and imaginary parts on both sides, we get
x = a’ - 3ab? y = 3a’b - b?

x y a(@®-3b%) b(3a®-b?)

—+L= +

a b a b

= a? - 3b? + 3a? — b?=4(a® - b?)

lllustration 10
Express each one of the following in the form (A +iB) :
N\ 2 .
Q) 1+2.| (i) 1 . 3 . 3+4!
2+i 1-2i 1+4i )\ 2-4i

1+2ij2= (1920)? _ (-3+4i) _

(—3+4i)x(3—4i)_(7+24i)_(lj+i(24j
2+i 2 +i)2 (3+4i) (3+4i) (3-4i) 25

(i) Given expression is ( —
25 25
(i)  Given expression is
_(1+40)+(3-6i) (3+4i) (4-2i)3+41)
B (1-20)(1+41i) '[2—4ij_(9+2i)(2—4i)

_ (10+5i) X(13+16i):25(2+9i):(2j+i(9]

(13-161i) (13+161) 425 17 17
: 3 )
If (x+iy)= — , prove that: (x—1) (x-3)+y*=0
(2+ cos6O+isin0)
(x+iy)= 3 ><(2+cos€)—isin9)= (6+3cos6—3isinb)
y (2+cosO+isin®) (2+cosO—isin0) (5+4cosb)
_(6+3cosH _ —=3sin0®
X=|——|andy= ——
5+4cos6 (5+4cos0)
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6+3cos0 6+3cos0 93in26
- 1| — -3 | —

So, (x-1)(x—-3)+y2=
( ) )y (5+4cose 5+4cos6 (5 +4cos 0)?
_ _(1-cos6) -9(1+cos) 9sin? 0 o

(5+4c0s0) (5+4c0s0) (5 4c0s0)2

Square Roots of a Complex Number
Square root of complex number a + ib is written as ./(a+ib)

Let /(a+ib) =x + iy, where x and y are real numbers.

= (a+ib) = (x +iy)? = a+ib=x%—-y?+ 2xyi
= x?—y?=aand2xy =b

Now (x2+y?)= \/[(x2 —y2)2 +4x2y2]—\/(a2 +b2)

Solving y’=aandx?+y?= 4/(a +b2) we get

/ a +b2+a / a +b2

The sign of x and y can be determined from the expressmn xy = b/2. This will give two square roots of a + bi.

Ifz=a+ib, b is positive, then

Jz =+ {\/%H z| +Re(z)] +i\/%[| z| —Re(z)]}

and if b is negative, then Jz =+ {\/%[l z|+Re(2)] - i\/%ﬂ z| —Re(z)]}

Note
If \Z =+ 2z then Vz=+21

Find the square roots of (i) —24 + 10i (i) —i
(i) Let v—24 +10i = x +1iy, X, yeR
Squaring both sides, we get — 24 + 10i = x? — y? + 2xyi
Equating the real and imaginary parts separately, we get
x2 —y?2= 224 and 2xy = 10.

5 2
Eliminating y, x? — (—J =-24
X

ie. x*+24x2-25=0
el  (—1)(x2+25)=0

x2=1,x2%-25 (.. xis real)
Xx=+1. .'.y=§=4_r5
X
. Square roots of — 24 + 10i are £(1 + 5i)
(i) ~ Square root of —i; Let v—i=x+ iy X, yeR

Visit editablestudyfiles.com for MS Word Files



https://editablestudyfiles.com/
https://editablestudyfiles.com/

Visit editablestudyfiles.com for MS Word Files

Squaring both sides, —i = x2 - y? + 2xyi
Equating real and imaginary parts separately, we get
x? —y?=0and 2xy = -1

x2=y? and x = -

(... y2 £ 0)

lHlustration 13

Find the square root of -3 + 4i.
To find the square root of a + ib, we have the formula

+ \/lzl+a+i\/lzl_a ifb>0
2 2

+ \/|Z|+a-i\/|z|‘a ifb<0
2 2

Letz=-3+4i=a+ijb
We havea=-3,b=4>0

(a+ib)'2 =

|z =V/9+16 =5
Hence z'2 = J_{\/Sﬂ_s) +i\/5_(_3)}= +(1+2i)
2 2
lllustration 14

Find the value of : ./-15+8i—,/-15-8i
Using'the formula (y/a+ib —,/a—ib)2=(a +ib)+ (a—ib)—2va+ibJ/a—ib =2[a—\/a2 +b2}
a+ib -/ —ib)=i\/2(a—\/a2+b2j

(J=15+81—=15-81) = +\2|-15-/225 + 64 (Taking a =15, b = -8)
=+ /64 =+8i.

Visit editablestudyfiles.com for MS Word Files



https://editablestudyfiles.com/
https://editablestudyfiles.com/

Visit editablestudyfiles.com for MS Word Files

Find the value of x3 + 7x2 — x + 16 when x = 1 + 2i
Xx=1+2i=x-1=2i= (x— 1) = 472

= X-2X+1=-4 =>x>-2x+5=0

Now x3+7x>—x+16
= X(X? - 2x+5) + 9 (x2 - 2x + 5) + (12x — 29)
= (x +9) (x2— 2x + 5) + (12x — 29)
= (x +9) (0) + 12x — 29 [+ x2—2x +5=0]
=0+12(1+ 2i) - 29=-17 + 24i [ x=1+2i]

Practice Assignment — 1

1 Simplify the following :
() %27 +i7%% 4 (J-1) ]

4
(i) (1+ i)4(1+%j

(III) (In + in+1 + in+2 + in+3)

(vi) 149 {88 1 {89 {110

(vii) 30 +i80 4120

(viii)i +i% +i% +i*

(ix) i® +i'0 +i1®

(0 e g
| +1 + | + 1 +1

(xi)1+i2+i*+8+8+ ... +i20

. Express (5 - 3i)® in the form a + ib.

3. On substituting a = -1 and b = —1 in the formula Ja.Jb =+ab, we get 1 = —1. What is wrong with
the formula? Compute: \/—_2\/—_3

4. Simplify:
(i) (5-=7)5+v-7)1=V=1)(1+/-1)
(ii) [(cos o + i sin a) (cos o — i sin )]
N RONER

J3+4i-J3-4i
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14.
15.

16.
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iv)  (1-i)]
v) (W3 + -3 132

Find the conjugates of the following complex numbers:

. . o o
(iY4-5i (ii) 315] (iii) T
o (3-i)? (1+1) (2 +i)
W) =5 M 5
2 2 2
If(p+iq)= (a+|). , prove that : (p?2 + g?) = @ +1)"
(2a-i) (4a? +1)
If (a2 + b2) = 1, show that : (”b*?aj = (b + ia).
1+b-ia
Q) fz1= (1 i) and z2 = (-2 + 4 i), show that : Im (ZEZJ =2
Z1
(i) fzi=2—1 2,=—2 +1, fine Re(zlﬁjand Im[i_j.
Z4 Z4Z4

With what complex number must (\/5— 3i) be multiplied to obtain (7 — 52 i)?
If(a+ib)(x+iy)=(a?+b?i,findxandy.
Provethat: (x + 1 +i) (x + 1 —i) (x = 1 +i) (x =1 =Ty =(x* + 4).

If z = _3+2“_5, find the value of (2z° +(12z2 # 25z + 29). Show that it will be unaltered, if
S = -3-+-5
2
Express each one of the following‘in the form (a + i b) :
W2 . .
(i 1 (i) (2+3.|) (i) (3—2|).(2+3.»|)
(2 +-3) (2-) (1+210)(2-i)
(iv) 1-i 50 ) (a+ib)2 _(a—ib)2 (vi) 1+cos0+isin®
1+i (a—-ib) (a+ib) 1-cos6—isind

17 \ 4 N o (1)

(vii) {[§+I§]+[4+I§j—(—§+l)} (vii) (1 —1) (ix) (54.3.)
1.2

(x)(—2—§|j

If x=-5+2,/ -4, find the value of (x*+9x® +35x>—x +4).

Solve : (i) z=iz? (iyz2+|z|=0
If (x +iy) = ax !b , Prove that :
2 2
a“ +b
(2 + 2 = .
c? +d?
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18.

19.

20.

21.

22.

23.

24,

25.

Visit editablestudyfiles.com for MS Word Files

Ifiz> + 22—z + i = 0 show that |z| = 1
Find the real values of x and y satisfying
(i) (x +iy) (2 - 3i) = (4 +1)
i (1+ i)x.—2i N (2—3i)¥+i i
(3+1) 3—i
(i) (x* + 2xi) = (3x2+yi) =(3=5i)+ (1 +2yi)

(iv) JYx% —2x+8 +(X +4)i=(2+i)y.

If (1 +1) (1 + 2i) (1 +3i) ....(1 + ni) = (a + bi), show that :
2.5.10.17.... (1 + n?) = (a2 + b?)

—~

(i) Find real values of x and y for which the complex numbers -3 + i x2y and x? + y + 4i are
conjugate of each other.
(ii) Find real x and y if (x + iy) (3 + 5i) is conjugate of —6 —24i.
Show that
x2+1+xi+\/x2+ =X _ 2 where x < R
VX2 +1-x Vx?+1+x 2x? +1
fz=x+iy;x,ye Randw = 1_? , show that |w| = 1 implies that z is purely real.
Find the square roots of the following numbers :
(i) -7 + 24 -1 (i) 3 -4 V-1 (i) =2 + 2/3 i
L . L[ 3+4i
iv) i v)—8i Vi
(iv) (v) (vi) [3_ 2 ij
(vii) 82 ‘?' (viii) ~2i (ix)a +ia? +a2+1
+ 3i

(x) 4ab — 2(a2 — b?) V-1

Evaluate :
(i) J16+30i+,/16-30i (i) J16+30i-/16-301i

(i) (4+3—20)""* + (423,20 |2

If z is a complex.number such that |z| = 1, prove that 2—_1i8 purely imaginary. What will be your
+

conclusion if z =17

Representations of a Complex Number

A complex number can be represented geometrically, vectorially or trigonometrically.

1.

Geometric representation : A complex number z = x + iy can be represented by a point P on the
complex plane (known as Argand Plane) by the ordered pair (x, y). P is called affix of
Z=X+1iy.

Y/\
Modulus : The absolute length OP = \/x2 +y2 \/ﬁ P& v)
is called the modulus of the complex number vy o
X + iy which is denoted by | z |. |
Visit_editablestudyfiles.com for M$ les
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ieifz=x+iythen|z]|= wlxz +y2 = the length OP.

Argument (Amplitude)

The amplitude (or argument) of the complex number is defined as the angle made by OP with the
positive x-axis.

0 = amplitude z = amplitude (x + iy) = tan™’ y
X

This angle has infinitely many values differing by multiples of 2x. The unique value of 0 such that
-1 < 0 <7 is called the principal value of the amplitude.
Unless otherwise stated, amp z implies the principal value of the amplitude z.

Note :
(i) Amplitude of the complex number 0 is not defined.
(i) z1 = z2 & |z1| = | zz | and amplitude z; = amplitude z».

(iii) There exists a one-one correspondence between the points of the plane and the members of the
set of complex numbers i.e. for every complex number z there exists uniquely a point
(x, y) on the plane and for every point (x, y) of the plane there exists uniquely a complex number
Z=X+1iy.

Hence x1 +iy1 = X2 + iy2 © X1 = X2 and y1 = yo.

Argument of a complex number z = a + ib for different signs of a and b

YA

(i) (a, b) € I quadrant,a>0,b>0. (@ b)
The principal value =amp z = tan™ (b/a) b
0

It is an acute angle and positive.

b -
(i)  (a b) e Il quadrant, @< 0)b > 0 | A
The principal value = amp z = = — tan™' (b/|a|) ©
It is an obtuserangle and positive

(iii) (a,b) e Ul'quadrant,a< 0,b<0 y
The principal value = amp z = —  + tan™" (b/a)
Itis an-obtuse angle and negative.

(a, b)
yA
(iv) (a,b) € IVquadrant,a>0,b<0
The principal value = amp z = —tan™" (|b|/a) a
It is an acute angle and negative. o) > x
b

(a, b)
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For instance, taking z1 = 3 + \/§i, z2=-3+ \/§i, z3=-3 —\/§i, zs=+3— /3] , the principal values

are given by
1 5n
amp z1 = tan~' (1/4/3) = E,am Z=n—tan' | —= | = =,
Pz ( ) 5 pz2=m (\EJ 5
amp zz = —n + tan™ (LJ -_on ampzs = —tan™ [LJ =_I
73 6’ 73 6
2. Vectorial Representation : A complex number z can be represented by the position vector
OP because a complex number depends on two things :
(i) its modulus and
(i) its amplitude.
These are the requirements of a vector on a plane. (For a vector, amplitude is replaced by the
direction of the vector i.e. inclination of the vector with the positive x-axis).
Note :
(i) There exists a one-one correspondence between the set of position vectors and the set of
complex numbers.
(i) As far as addition, subtraction and multiplication by real numbers are concerned, complex
numbers are subject to the same laws as the vectors, which represent them.
_)
(iii) If a complex number z is represented by a vector AB, then | z | is the length AB and amp z is
the angle which the directed line AB makes with the directed line OX.
3. Polar or Trigonometric Representation of a Complex Number

Let z = x + iy be a complex number represented by a point P(x, y) in the argand plane. Then
by geometrical representation, we haveOP =z| =rand ZPOM =6 =argz

InAPOM,cosG:O—Mzizx:rcose P(x, y)
OP r
sin6=mzx =y =rsin 0 ) y
OP . r
s z=x+iy=rcos 0 +irsin®=r(cos 0 +isin 6)orrcis 6 0 X
O M
Here,r=\/x2+y2 and 0 =tan'Y . X

X
This form of z is.called.a polar form of z.

If we use general value of the argument of 6, then polar form of z is given by
z=r[cos (2nn +0) + i sin (2n © + 0)] where n is an integer.

Eulerian Form of a Complex Number
We have, e =cos 0 +isin®ande™®=cos O —isind

These-two are called Euler’s notations. Let z be any complex number such that |z| =r and arg z = 0. Then, in

polar fom, z = r(cos 0 + i sin 0)
=z=re"
This form of z is known as Eulerian form.
Properties of Argument
1. arg(zizz) = arg(z1) +arg(z2) + 2kn, where k =0, 1 or —1
In general,

Arg(z1z2zs...... z,) = arg(z1) + arg(zz2)+arg(zs) +.....+arg(z,) + 2kn, where k = 0, 1 or —1
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= 2argz + 2kn, where k = 0, 1 or —1

arg (Z_J = argzq — argze+ 2kn, where k =0, 1 or —1
z
z
z

arg (—

|

arg (z") =narg z + 2kn, where k =0, 1 or —1

Z4q Zo

If arg [Z—ZJ =0, then arg [Z—1J = 2kn — 0, wherek e 1

arg(z)=—-argz
If arg z = 0 or &, then z is purely real

Ifargz = %or —g , then z is purely imaginary

_ _ T Zq . . .
|z1 + 22| = |21 — 22 | & arg(z1) —arg (z2) = §<:> —is purely imaginary
Z2
_ _ _ —T Zq .
|z1 + z2| = |z4| +| z2 | & arg(z1) = arg (z2) = T3 < —is purely.real
Z2

lHlustration16

Find the modulus and principal arguments of the following complex numbers.

(1413 )3 -i)

(i)
(ii)
(i)

1+ 2i

(1-i)? -2
The given number in the form a +ib is -2 + 231

=

(ii)

The magnitude is \/(— 2% + (2\/5)2 =4 and the principal argument is n—tan‘{

n—tan*1 \/g

T 2%
TE——: —_—

3 3

The number in the a + bi form is —%—%i

— ~Magnitude is @ and the argument is —n+tan‘1(%]
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lHlustration 17

Find the modulus and principal argument of the following and express them in trigonometric and

exponential forms:
(i) 1+
1+ 7i

(ii) A

(i) Letz=1+i=r(cos6+isino)

rcos6=1and rsinf =1.
On squaring and adding, we get

r2=2 =r=42 cosezi and sin9=i

V2 V2

The value of @such that — 7 < 6 < r, satisfying both of the .above equations, is given by, 6 = % .
z=2|cosZ +isin”*
4 4

Hence, |z| = v2 and arg(z) = %
in
Trigonometric form of z is \/E(cos§+ isin g) and its exponential form is J2e4
1+7i _ 1+ 7i _ 147i A 1+7ix3+4i:_25+25i:—1+i

(2—i)2 44i2 _4i - 3-4 3-4i 3+4i 25 '
Now Let (—1+i)=r(cos@ +isine).

rcos9=-1and rsind=1.
On squaring and adding; we get

(i) Letz=

=2 = r=42
1

cos®=+— and sin0=—
V2 V2

The value of dsuch that -z < 0 < =, satisfying both of the above equations, is given by, 0 = % :

3n .. 3n
Z= \/E COS — +1SInN—
( i 4)

Hence, |2/ =2 and arg(z)= %
3 3 u
.. Trigonometric form of z is ﬁ(cosfﬂsinf} and its exponential form is J2e 4 .
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lHlustration 18

Express each of the following complex numbers in trigonometric form
(i) (1-cos0+isin0)

(i) (1+itana), where—-n <a<manda =zt

N3

s 2n+1
iy AT
(1 _ i)2l‘l-1
(i) Let (1 — cos 6 +isin 6) =r(cos ¢ +isin ¢). Then,
rcos¢=(1-cosB)andrsind=sin6
On squaring and adding, we get

r2:2(1—cose):4sin2g.Sor:ZSing

neN

) _ 1-cos® _2sin%(6/2) _ . 6
5. COS ¢ = —— = =sin —
2sin(6/2) 2sin(6/2) 2
And, sin ¢ = §|ne _ 23|n(6/.2)cos(9/2) _ cosg
2sin(6/2) 2sin(6/2) 2
tan¢=cot9=tan x_9 .So, ¢ = N
2 2 2 2 2

S (1—cos6+isinB)=2sin 9 cos ) V. +isin r 9
2 2 2 2 2

(i) Let (1 +itan a) =r(cos 6 +i'sin 6). Then,
rcosd =1andrsin 6 =tan a
1

- r2=(1 + tana) = sec?a. Orr = |sec o =
|cosa |

Case 1. When ~ <a< ki
2 2

1
cosa

In this case, cos a is positive. So, r =

.. COS 0=

=S |

. tana .
=cosoaandsin @ = —— =sin a
r

So, (1+itana)= (cos a +isina)

cos a

Case II. When (g<a<nj or (—n<a<—g]

In this case, cos a is negative, so,
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-1
cosa
.. €cos B =cos a and sin 6 = — sin a
i,e.cosO=cos(n+a)andsin®=sin(n+a). So,0=n+a

| cos a| =—-cos a. And, r =

(1+itana)=% .[cos (n + o) +isin (1 + a)]
o

(1+i)2n+1 _ (1_H)2n+1(1+|)2n—1 _ (1+|)4n
(1_i)2n—‘| (1_|)2n—1(1+|)2n—1 22n—1

a2 @y 22y 201y
22“—1 22n—1 22“—1

_ | 2, whennis even
-2, when nis odd

2(cos 0 +isin0), when nis even
2(cos n+isinm),when nis odd

Practice Assignment — 11

Find the modulus and principal argument of the following complex numbers, and hence express each
of them in the polar form:

(i) V3 +i (if) 1 —i
1 1
(iii) o (iv) T

1+ 2] L 1-3i
M3 M) 2
(vii) =1 —i+/3 (viii) —=/3 + i
(ix) =3

Find the principal argument of the following complex numbers:

cose+!s!n9, T <0< L3 (il \/§+|
cos 9 —isin® 4 2 \/g—i
(iii)'sin 120° —1i cos 120° (iv) cos 90° + sin 90°

(v) c0s.70° + i cos 20°
Find the modulus of the following complex numbers

: 3+i (3 1 3+4i
(i) ——— (i) | =+ :

(1+i)(2 +1) 1+i 1-2i \2-4i
I TS B
W51
Find the modulus and principal argument of the following:
(i) sin 50° + i cos 50° (i) ”—2'2

1-(1-1)
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(iii) tan 6 — i (iv)1—sina +icosa
5. If o and B are different complex numbers with |B| = 1, then find 1B __OE .
-
6. Find the number of non-zero integral solutions of the equation |1 —i|* = 2%,
7. If (@ +ib) (c +id) (e +if) (g + ih) = A +iB, then show that

(a2 + b?) (¢ + d?) (e? + f?) (g + h?) = A2 + B2,

A\ M

8. If (%) = 1, then find the least positive integral value of m.
Quadratic Equation

An equation of the form ax? + bx + ¢ = 0 (a = 0) in which x? is the highest power of x (i.e., the highest index of

x is 2) and a, b, ¢ are any three numbers free from x is called quadratic equation or an‘equation of second

degree in x. Here ‘a’ is called the coefficient of x2, ‘b’ the coefficient of x and ‘c’ the constant term. If b = 0, the

equation reduces to ax? + ¢ = 0 which is called a pure quadratic.

Methods of Solving a Quadratic Equation
A quadratic equation may be solved either by factorising the left side (when the right side is zero) or by
completing a square on the left side as shown below.

Factorization Method of Solving a Quadratic Equation
The principle underlying this method is that if xy = 0, then either x =0 ory =0
Let ax? + bx + ¢ = 0, a # 0 be the given quadratic equation, where a, b, ¢ are complex numbers.

If b =0, then ax? + ¢ = 0, ie., (\/§x+\/—c)(\/5x—\/—c)=00r Jax++-c=0 or Jax—+-c=0 or

X =x+—c/a. So, let us assume that b = 0. The method of factorization is applicable only if we can write b as

the sum of two numbers whose product is_ac. The value of b is changed in the given equation and the
factorization is carried.

Working Rules for Solving Problems
(i) If the equation to solve is ax? + ¢ = 0, then its roots are J_rW/_—C
a

(i) If the equation to solve.is ax? + bx + ¢ =0, then find two numbers 7 and m such that / + m = b and
/m = ac. Put b="4¢+ min the equation and factorize the L.H.S.

(iii) After expressing L.H.S:"as the product of two linear polynomials, each linear factor equated to zero
gives one root.

lHlustration 19

Solve the equation : 5x2+15=0
We have 5x>+.15=0
= 5+3)=0=x2+3=0 =x*>-3i?=0

= [ x=3) (x+/3))=0=x— 3i=0 orx+ /3i=0
= x=\/§i orx=—\/§i
The roots are \/§i and - \/§i
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lllustration 20
Solve the equation : 4x? — 16ix - 15=0
We have 4x2 - 16ix - 15=0 ..(1)

We write —16i = (~6i) + (~10i), because (~6i) (—10i) = 602 = — 60 = (4) (-15)
L (1)> 4x2+ (—6i -10i)x - 15=0
= 4x? —6ix — 10ix + 1512 =0

= 2x(2x — 3i) =5i (2x - 3i) =0
= (2x-3i)(2x-5i)=0
: 2x-3i =0 or 2x — 5i =0
3i 5i
= X= = or X=—=
2 2

The roots are 3i/2 and 5i/2

Formula Method of Solving a Quadratic Equation

The ‘formula method’ of solving a quadratic equation is used when. the ‘factorization method’ is not easily
applicable.

Letax?+bx +c=0, az0 ...(1)
be the given quadratic equation, where a, b, ¢ are complex numbers.
(1)=ax?+bx=-c = x2+gx:—§ (- a=0)
2 2
= x2+2£x=—2:>x2+2£x+£ ) L
2a a 2a 2a 432 a

b2 b?-4ac b b2 — 4ac
= X+—| =—F— = X+—==%|—7—

2a 432 2a 432

b Vb2 -4ac ~b++vb? —4ac
= X=——t——— = X =

2a 2a 2a

These are the required roots of the given equation.

Working Rules for Solving Problems
(i) Simplify the given equation and express it in the form ax? + bx + ¢ = 0
(ii) Identify the values of a;’b and c.

—b++vb? —4ac

(iii) Use the formula :'x = > and simplify it.
a

(iv) The values of x are the roots of the given equation.

| Illustration 21 |

Find the roots of the equation 2x> - 10x + 13 =0
2x? —10x+13=0
Herea=2,b=-10,c=13

Applying the formula :
_ —b++b? -4ac
X = 2 , we get

Visit editablestudyfiles.com for MS Word Files



https://editablestudyfiles.com/
https://editablestudyfiles.com/

Visit editablestudyfiles.com for MS Word Files

_ —(-10)£/(-10)? —4.2.13 _ 10+ 100104

2.2 4
_10++v-4 _10+£2i _ 5+i .
= 2 = = > which are complex roots.
| Illustration 22 |

Solve the equation : x2 — (3v/2 — 2i)x —6+/2i = 0
We have x2 — (342 — 2i)x —6+/2i =0
Here,a=1,b=— (342 -2i), c = —6/2i

_ _b++vbZ%_4dac

Now, x=
2a

Lo (322 J(3v2 - 2iY2 — 4(1)(-6/2i)
2(1)

372 — 2+ /18 — 4 —124/2i + 24/2i

2

_ 3J2-2i+(32 +2i)? _ 32 -2i%(3V2 +2))
2 2

_ 62 _A 329

2 2

Practice Assignment 111

Solve the following equations
1. 2x2+1=0

2. 21+ 9x+1=0

3. x>+ 10ix—21=0

4. .x2— (24/3+30)x+64/3i=0
5. 2x2+10 = ix

6. X2 —7ix-12=0
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ixX2—4x—-4i=0

x2—(5-i)x+(18+i)=0
x2— (342 -2i)x-6+2i=0
X2—(2+i)x—(1-7i)=0
2x2 — (3 + 7i)x + (9i—3) =0
X2 — (7—i)x+(18=i)=0
X2 —(9—2i)x+ (17 +i)=0
22 +ix2—2i=(5-i)x—2

abx? + (b2 - ac)ix +bc =0
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Objective Assignment

Ifa<0,b>0,then Ja \bis equal to

(@)—4lalb (b) J]al|b.i
(c) m (d) none of these
13
The value of the sum Z(i” +i"™1y  wherei= V-1, is
n=1
(a)i (b)i—1
(c) i (d)0
A\ N
The smallest positive integral value of n for which [FJ is purely imaginary with positive imaginary
+i

part, is
(a) 1 (b) 3
(c) 5 (d) none of these
If (a+ ib)® = a + i, then (b +ia)® is equal to
(@) B +ia (b) o —iB
(c) Bp—ia (d) —a-ip
If z4 = 9y>-4-10ix, z> = 8y? —20i, where z1=Z,, then z = x +.iy is equal to
(a)—2+2i (b) -2 + 2i
(c)—2+i (d) noneof these
If z is a complex number satisfying the relation{|z +1| =z + 2( 1 +i), then z is

1 1
a) —(1+4i b) —(3 + 4i
(a)  (1+4) (b).(3 + 4i)

1 1
c) —(1-4i d) — (3-4i
(€) 5 ( ) (d) 5 ( )
If e® = cosO + isin 0, then for the AABC, e. eB. e, is
(a)—i (b) 1
(c) -1 (d) none of these
For a complex number z, the minimum value of |z| +|z-2| is
(a) 1 (b) 2
(c)3 (d) none of these
If |z1 —1|<1, |22 =2|<2, |zs —3]|<3, then |z1 +z> + z3]|
(a) is less than6 (b) is more than 3
(c) is lessithan 12 (d) lies between 6 and 12
Ifz= & , then the fundamental amplitude of z is

J3 =i
s T

a)—— b) =
(a) =7 (b)
(c) % (d) none of these
If z= x + iy satisfies amp(z—1) = amp(z + 3i), then the value of (x — 1) : y is equal to
(@)2:1 (b)1:3
(c)-1:3 (d) none of these

1+ +i*+i%+. ... +i®is :
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(a) positive (b) negative
(c)O (d) cannot be determined.

If 8iz® + 1222 —18z + 27i = 0, then

3 2
= _ b = =
@)z = 5 (b) |z| 3
3
(c) |z| =1 (d) |zl = 7
If z=1 +1i, then the multiplicative inverse of z? is
i
1—i b) —
(a) 1~ (b)
i
__ d) 2i
(c) 5 (d)
The value of | J2i — /= 2i lis
(a) 2 (b) v2
(c) 0 (d) 242
If z is a complex number such that |z| # 0 and Re (z) = 0, then:
(a) Re (z)=0 (b) Im (z3) =0
(c) Re(z?) = Im (2?) (d) none of these
T—!X =a —ib and a% +b? = 1, where a and b are real, then x=
+ix
2a 2b
(a) PRV (b) ARV
(1+a)° +b (1+a)° +b
2a 2b
€ ———= (d) ———~
(1+b)* +a (1+b)c +a
N3 3
If E - E =X + iy, then (x, y)=
1-i 1+i
(c) (0, -2) (d) none of these
w2 . 2 .
If 2, = (‘E*'i (?“/g')and 2, = (1+‘/§'1) ?‘/5_') , then
+i —i
(a) amp z¢ +amp z2= 0 (b) 3(ampz1 )+ amp z>=0
(c) |z1} = |z2| (d) 3 |z1] = |z2]
Ifz=14+ i\/g, then |arg z| + |arg Z | equals
‘I 2n
a) - b) <=
(a) 5 (b) =
T
0 d) =
(c) (@ 7
If a, be R, then [e?* | =
(a) e (b)e®
(c) 1 (d) none of these

The modulus of the complex number z = (1- |\/'§)(cose +,| ?me)
2(1—i)(cos 6 —i sinB)

Visit editablestudyfiles.com for MS Word Files



https://editablestudyfiles.com/
https://editablestudyfiles.com/

23.

24.

25.

26.

27.

28.

29.

30.

Visit editablestudyfiles.com for MS Word Files

1 1
(@) = (b) —
V2 2.2
1
(c) — (d) none of these
J3
The complex number z satisfying |z—1| = |z-3|=|z—i| is
: 3 1.
a)2+i b) = + =i
(a) (b) 5*3
(c) 2 +2i (d) none of these
If 523 is a purely imaginary number, then M is equal to
721 221 - 322
(@)5/7 (b)7/5
(c) 25/ 49 (d) none of these
The square root of the number—7—-24iis
(a) (3 + 4i) (b) (3 - 4i)
(c) + (3 —4i) (d) none of these

Given that the real parts of v5 +12i andv5 —12i are negative. Then the number
L= V5 +12i +/5-12i

= d t
5112512 o
(@ > ()=
(c) -3+ %i (d) none of these
8 8

1+ 1-i ) _

—_ + _ =
) @
(a) 1 (b) 2
(c)3 (d)o

1+ 7|2 in (r, 6) formsis
(2-1)
(a) (V2, m/4) (b) (v2, n/2)
(c) («/5 , 3n/4) (d) none of these
i U +?i)j |_ N2 _331)?/ “!= then the real values of x and y are given by
(@) x==3y=-1 (b)x=3,y=-1
(c)x=3,y=1 (dyx=1,y=-3
If (x+iy) (p+ig) = (x?>+y?) i, then
(@p=x4q=y (b) p=x%q=y?
(e)p=y,g=x (d) none of these
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Answers

Practice Assignment I

1. (i) —i (ii) 16 (iii) 0 (iv) 2
(v) 171(_)9' (vi) 2i (vii) 1 (viii) 0
(ix) —1 (x) -1 (xi) 1
-10 - 198i
3. —+/6
4. (i) 64 (ii) 1
. A
(iii) — 2i (iv) 2 + 2
1
(V) 8
5, ()4 +5i (ii) é (3 + 5i) (iii) % + % i
(iv)2+4i (v)%—%i
B. e
7. e
8. ereeiinnnn,
9. 242 +i
10. X=b,y=a
M. ..
12. 8
13, (i)—% +i[$} (ii) _52 +i (gj
... 63 [—16 . .
(iii) EH[E] (iv)—1+0i
2 @2,
(v).0+ % (vi) 0 + i cot g
(vii) g+i§ (viii) —4
(ix) ——— 22;‘2 — 26i (x) ‘—3?2 —i%
14. -160
15, ()0,i, ig—% (ii) 0, +.
16. ...
17.
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18.

19.
20.
21.
22.

23.

24,

25.
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L (5 14
(i) [EE]

1
(iii) (2, 3), (— 2, 5]

(i) + (3 + 4i)
(i) (1+i v3)

V)£2(1-1)

(vii) £ (4 — 3i)

(ii) (3, -1)
. (—28 —16
(2 22

(i) + (2 - i)
(iv) = % (1+1i)

, 3 +4i
(w)i( 5 j

(viii) £ (1 — i)

(ix) £ %[\/az +a+1+i\/a2 —a+1}

(x)t[(@+b)-i(a-b)
(i) = 10 (ii) * 6i
(iii) + 6

Practice Assignment II

1.

(i) 2 cos = +isin’
6 6
(ili) cos ~ —isin~
2 2

(v) 1 cos%ﬂ sin3—n
J2 4 4

(vii) 2 [cos£_—2nj +i sin(_—ZTE
3 3

(ix) 3(cos m + | sin )

(i) 20 (ii) g
(iif) g (iv) 0
n
(V) 18
J82

(i) 1 (i) =
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(i) \/Z(COSE —isin Ej
4 4
(iv) i(cosE —isin Ej
J2 4 4
(vi) \/E[cos 3n —i sin—3n]
4 4

n (viii) 2(COSE+i sin @j
6 6

(x) coS = +isin_
2 2

(iif) 2
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4. an,gﬁ (i) 1,0
9
(iii) sec 0, 6 — = (v)2cos [Z+&|[&, T
2 4 2/ 2 4
5. 1
6. 0
7. .
8. 4
PRACTICE ASSIGNMENT III
i
1. +
V2
2. __3 + ﬂ
14 = 42
3. —3i, -7i
4. 243, 3i
5. —z,ﬂ
2
6. 3, 4i
7. ~2i, -2i
8. 3 —4i, 2+ 3i
9. 342, -2i
10. 3—i,-1+2i
11. 33
2
12.  4-3i,3+2i
13. 2+i,7-3i
14. 1—i,ila
5
15. a , __b'
b a
Objective Assignment
1. B 11. B 21. A
2. B 12. D 22. A
3. B 13. A 23. C
4. A 14, C 24. D
5. B 15. A 25. C
6. C 16. B 26. B
7. C 17. B 27. B
8. B 18. C 28. C
9. C 19. B, C 29. B
10. B 20. B 30. C
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